This paper presents a metamorphic parallel mechanism which can switch its motion between one translation and two rotation (1T2R) 
INTRODUCTION
Lower mobility parallel mechanisms show good advantages over 6-degree-of-freedom (DOF) ones on having simpler kinematics, dynamics modeling and control analysis. In many applications, only lower mobility is required and by using a parallel mechanism with corresponding DOFs will help increase precision, save energy and reduce risk brought by extra DOFs. Two of the most used and studied lower mobility types are the 3R and 1T2R. Parallel mechanisms with 3R motion are normally used for orienting the end-effectors like camera orienting devices [1] , robotic wrist and hip joints [2, 3] , robotic surgery platform [4] , and human joint rehabilitation [5] . Parallel mechanisms with 1T2R motion have been applied as flight simulator [6] , micro-medical device [7] , coordinatingmeasuring machine [8] and widely as machining tools [9, 10] . However, all those parallel mechanisms have specific mobility for some applications and cannot be used for other cases with different mobility requirements. The metamorphic parallel mechanism in this paper was proposed in [11] and can provide both 1T2R and 3R motion with the same mechanical structure by reconfiguring a special designed revolute joint. This keeps kinematics and dynamics simplicity of lower-DOF parallel mechanisms but provides capability to multi-tasks, like machining different types of components, rehabilitation of different human joints, etc.
The 3-rRPS metamorphic parallel mechanism in this paper is the result of the on-going study of a class of metamorphic parallel mechanisms (MPMs) [12] , which are a class of mechanisms that possess adaptability and reconfigurability to change permanent finite mobility based on topological structure change. Metamorphic parallel mechanisms have all the advantages of traditional parallel mechanisms but with ability of reconfiguring for mobility change. By introducing reconfigurable joints into parallel mechanisms, geometric constraints from limbs can be reconfigurable enabling motion type change of the platform [12] . Based on this principle and a patented reconfigurable Hooke joint, a class of MPMs was for the first time proposed in [12] and further investigated in [13, 14] . Following that, a vA joint was also invented to have a metamorphic parallel mechanism with motion change between pure translation and pure rotation [15] . By designing a reconfigurable universal joint, a 3-CUP parallel mechanism can reconfigure into those two motion types [16] . Similarly, lockable joints were used in a four-limb parallel mechanism [17] to have flexible motion planning and a screw based general synthesis method of reconfigurable parallel mechanisms using lockable joints was presented in [18] . Following the reconfigurable joint principle, a reconfigurable revolute joint was proposed to have metamorphic parallel mechanisms in [11] and a similar joint was used in [19] to have reconfigurable platonic mechanisms.
Following [11] , this paper further studies the systematic optimal design of the 3-rRPS MPM by covering different phases. Since this mechanism can reconfigure its motion from pure rotation to 1T2R motion which has mixed rotation and translation, the commonly used condition number of the Jacobian matrix will have inhomogeneity and cause some defective results [20] . Motion/force transmission [21, 22] which represents the effective work of a unit wrench on a unit output twist shows a good unified way to represent kinematics performance in optimal design to cover different motion types of the metamorphic parallel mechanism. In this paper, detailed wrench and twist screws are derived in a unified format for motion/force transmission of both 3R and 1T2R motion of the 3-rRPS MPM. This is then used in the optimal design and some key parameter effect has been found which provides reference for design in specific applications.
1.
GEOMETRIC CONSTRAINTS AND RECONFIGURATION OF THE 3-RRPS MPM Fig.1(a) , the reconfigurable revolute joint, named rR joint [11] , consists of a ring base, a rotation bar and a joint link. The joint link which is normally connected to a mechanism limb and perpendicular to the rotation bar rotates about the rotation bar with axis u. The reconfiguration comes from that the rotation bar can be rotated along the groove of the ring base about the direction n which is the normal vector of the ring base plane Σ. This allows the revolute joint axis u to be alterable about n on the plane Σ and fixed along the groove. This changes the contribution of the rR joint in a parallel mechanism assembly and will make the mechanism reconfigurable. The 3rRPS metamorphic parallel mechanism as in Fig. 1 (b) has three rRPS limbs symmetrically located on the base circle with radius r b through the rR joints and on the platform circle with radius r a through spherical joints while the two are connected by prismatic joints. The function of an rRPS limb in a parallel mechanism is equivalent to a general RPS limb but with an additional reconfigurable rotation axis of the revolute joint. Let points A i and B i denote the spherical joint center and the rR joint center in limb i (i=1,2,3) respectively. u i is the rotation axis of the rR joint in limb i. Locate a global coordinate system oxyz at the geometric center o of the base with the negative part of y axis passing through rR joint center B 1 and z axis perpendicular to the base plane formed by B 1 B 2 B 3 . Then, x axis is parallel to B 2 B 3 as in Fig. 1(b) . Based on symmetry, all the ring base plane Σ i of the rR joint in limb i intersects the z axis with angle ϕ which is named the rR joint base location angle. Let a i and b i denote the vectors of points A i and B i in the coordinate system oxyz, l i be the limb length between the spherical joint center A i and the rT joint center B i . Similarly, a moving coordinate system o′x′y′z′ is attached at the 2 Copyright © 2016 by ASME platform center o′ with the negative part of y′ axis passing through spherical joint center A 1 and z′ axis perpendicular to the platform plane formed by A 1 A 2 A 3 .
The rR Joint and Reconfiguration of the 3rRPS MPM

As in
Based on screw theory, there are five twists in the rRPS limb which form a five-system [23] and provide a constraint force acting along a line passing through the spherical joint center with the direction parallel to the rotation axis (u) of the rR joint. Thus there are three constraint forces working on the platform and can be expressed as: 
In general, three rR joint axes (u 1 , u 2 , u 3 ) are independent and the three constraint screws in (1) will constrain the platform translations along three independent directions. Thus, the 3rRPS MPM in general has pure rotation (3R) motion with parasitic translation motion.
By altering the revolute joint axis the constraint forces in (1) are alterable and will change the constraint to the platform. Two special cases are recognized by considering the dependency among the three rR joint axes (u 1 , u 2 , u 3 ). In both cases 3rRPS MPM will have one translation and two rotation (1T2R) motion. The first case is that two u i are parallel to each other and there exist three possibilities (u 1 = u 2 , u 1 = u 3 , or u 2 = u 3 ). In this case, the two parallel constraint screws will constrain one translation along the force and one rotation perpendicular to the plane formed by the two parallel constraint forces. Since the third constraint force constrains the platform translation along another direction, the mechanism has one translation along the line perpendicular to all rR joint axes and two rotations about lines on the plane containing the two parallel constraint forces. An example of u 1 = u 3 is in Fig.2 
(a).
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Figure. The second case is that all three rR joint axes u i are on the base plane as in Fig.2 (b) where
. In this case, the translation along the directions parallel to the base plane and rotation about the line perpendicular to the base plane are constrained by the three constraint forces. The mechanism has 1T2R motion with one translation along the line perpendicular to the base plane and two rotations about lines parallel to the base plane.
Thus the 3rRPS MPM can have either pure rotation (3R) motion or one translation and two rotation (1T2R) motion by reconfiguring the rotation axis of the rR joint into different directions. It should be noticed that there are infinite numbers of configurations with 3R motion by altering the rR joint in each limb as far as the three rotation axis vectors are not dependent. There are only four cases with 1T2R motion as stated above.
Geometric Constraints and Unified Inverse Kinematics
Based on the above description, the geometric constraint of the 3rRPS is described in two parts. The first part expresses the length of the limbs 22 
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and the second part describes the constraint that each limb is perpendicular to the rotation axis u i of the rR joint:
where R is the rotational matrix from the moving coordinate system to the global coordinate system oxyz, p=(p x , p y , p z ) T is the vector of the moving coordinate center o′ expressed in the global coordinate system. i  a is the position vector of spherical joint center A i expressed in the moving coordinate system o′x′y′z′.
The inverse displacement analysis of the 3rRPS metamorphic parallel mechanism is to obtain the actuation parameters (limb length l i ) based on the given platform position and orientation. When giving the platform position p (p x , p y , p z ) and orientation R described in the global coordinate system in Fig.1 , the actuation inputs which are the limb lengths can be calculated directly from (2):
This is the same for all the topologies with different mobility but it should be mentioned that, the platform position and orientation parameters cannot be given freely. They should follow the geometric constraint relations analyzed in section 3 that the translations are calculated by given orientation for 3R motion case and two rotations and one translation can be given arbitrarily for the 1T2R motion case.
UNIFIED SCREW BASED JACOBIAN MATRIX AND MOTION/FORCE TRANSMISSIBILITY
The rR joint reconfiguration does not change the joint connection in the limb which allows the 3rRPS MPM to have unified Jacobian matrix and transmissibility expressions covering both the 1T2R and 3R motion as showing below.
Motion/force transmission shows work of a wrench on a twist. Three different transmission types with corresponding indices were introduced including input transmission, output transmission and constraint transmission [24, 25] . For the (rT)P(rT) limb, the input transmission is constant as the actuation wrench is in the same line with the actuation twist which is along the prismatic joint. Their reciprocal product gives 1 and it is not considered further. The other two transmission indices will be investigated and they have the same format for the 1T2R and 3R motion.
Screw Based Jacobian Matrix
As shown in (1), the constraint wrench screw in each limb can be obtained:
which is a constraint force parallel to the rotation axis (u i ) of the rR joint and passing through the spherical joint center (a i ).
Based on the five twist screws associated to the five 1-DOF joint axes in the rRPS limb, two reciprocal screws can be obtained by locking the actuated joint and taking reciprocal screw to all other four twist screws except the locked one. These include the constraint wrench screw in (5) and the following transmission wrench screw:
which is a force along the prismatic joint and passing by the platform spherical joint center (a i ) that represents the actuation input.
Thus, the screw based overall Jacobian matrix can be directly formed: 
which represents the singularity configurations of the parallel mechanism when its determinant equals to zero. This will be illustrated in Section 3.
Output Transmission
By locking two limbs except the ith limb, the platform will have a 1-DOF motion. It's twist screw S Oi is called the output twist screw and can be obtained by taking reciprocal screw to the other five wrench screws in the Jacobian matrix in (7) except the ith transmission wrench S Ti :
which is a screw motion along the line represented by unit vector s Oi with pitch h oi and passing by a point r Oi .
Then the output transmission virtual coefficient [26] is represented by the reciprocal product
which shows the work of the actuation input of limb i on the 1-DOF translation motion of the platform when the other two limbs are locked. Based on this, the power coefficient is defined as: (11) Thus there are three power coefficients for the three limbs and they depend on the limb directions. The minimum power coefficient is taken as the output transmission index (OTI):
which can be used to represent the output transmission performance at the given mechanism configuration.
The output transmission represents the contribution of the limb to the platform motion. When any λ Ti is zero it indicates that limb i cannot transmit any power to the platform along its motion. This represents singular configuration of the parallel mechanism.
Constraint Transmission
Similar to the output transmission, the constraint transmission can be obtained in the following way. Locking all the limb actuation and releasing the constraint (S Ci ) from limb i, the platform can virtually have a 1-DOF twist motion S OCi which can be obtained by taking reciprocal screw to the other five wrench screws in the Jacobian matrix in (7) except the ith constraint wrench S Ci : 
which shows the constraint work of the constraint wrench S Ci on the virtual 1-DOF motion of the platform.
Following this, the power coefficient is defined as:
where θoc i is the angle between constraint screw (S Ci ) and the virtual output motion screw (S OCi ) and d OCi is the distance between these two lines, d
OCimax is the maximum distance between them and can be calculated from
The minimum power coefficient is taken as the constraint transmission index (CTI):
which can be used to represent the closeness to constraint singularity.
When (15) equals to zero, the constraint wrench cannot provide any constraint to the defined motion of the platform which will gain extra mobility. Thus the mechanism meets constraint singularities.
VARIABLE MOTION/FORCE TRANSMISSIBILITY AND SINGULARITY LOCI
As explained in Section 1, by tuning the rR joint axes in all limbs, the 3rRPS MPM can have infinite number of phases with 3R motion and four cases with 1T2R motion. In this case, the workspace associated with different phases will be different and at the same time, their transmissibility and singularity loci will be variable. To demonstrate this, four different phases are selected and represented by the rR joint angles (θ 1 , θ 2 , θ 3 ) of the three limbs. Their singularity loci, output transmission index and constraint transmission index are calculated as in Fig. 3 . In the examples, the platform and base sizes are set r a =1 and r b =2, the rR joint base location angle ϕ=π/2−ArcSin( 3 /3) representing that the normal vectors of the three rR joints are perpendicular to each other. Fig.3(a) shows the case with θ 1 = θ 2 = θ 3 =0 which has 1T2R motion. Its singularity loci is illustrated on the left by the curved surfaces in the 3D space constructed by the three parameters representing the translation (p z ) along z-axis and two rotations (c 1 and c 2 , which are Rodriguez-Hamilton parameters [27] ) about x-axis and y-axis. It can be seen that the loci is symmetrical due to the symmetrical limb arrangement. The loci consists of two tetrahedron shaped surfaces and a curved close-to-plane surface which are all intersecting at the origin with c 1 =c 2 =p z =0. The space between them represents the singularity-free workspace of the 3rRPS MPM with θ 1 = θ 2 = θ 3 =0. The middle and right figures of Fig. 3(a) tell the output transmission index and constraint transmission index on the c 1 -c 2 plane with p z =1.5. While the blue curved lines show the transmission index, the red curve represents the singularity loci on the selected plan with p z =1.5. It can be seen that the singularity loci describe the mechanism configurations with zero output transmission or constraint transmission indices. The index numbers are higher when it is close to the center (c 1 =c 2 = 0) or far away from the singularity loci. Fig. 3(b)-(d) show the singularity loci, OTI and CTI of the 3rRPS MPM with 3R motion at three cases when θ 1 = θ 2 = θ 3 = π/6, π/3, and π/2. The 3D singularity loci are illustrated along the three rotation directions expressed by the RodriguezHamilton parameters c 1 , c 2 , and c 3 . In general, the singularity loci of the three cases are all symmetrical but different between
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Copyright © 2016 by ASME each other. In the θ 1 = θ 2 = θ 3 = π/6 case, there is a big singularity free workspace around the origin of (c 1 =c 2 =c 3 =0) but it will meet singularity when there is a pure rotation about the z-axis. This is different when θ 1 = θ 2 = θ 3 increases as for the π/3 and π/2 cases that the mechanism meets singularity at the origin (c 1 =c 2 =c 3 =0) but has singularity-free workspace below and above this point. The OTI and CTI are all shown on the plane with c 3 =0.5. Similar with the 1T2R case in Fig. 3(a) , both OTI and CTI have higher values when it is far from the singularity loci (red curve) and reach zero on the singularity curve. A larger area with CTI=0.9 than OTI=0.9 has been shown in π/6 and π/3 cases in Fig. 3(b) and (c) and it is opposite for the π/2 case as in Fig. 3(d) . It seems the OTI has been improved when increasing the rR joint angles (θ 1 = θ 2 = θ 3 ) on the selected rotation plane (c 3 =0.5) while the CTI decreases. 
OPTIMAL DESIGN BASED ON THE MOTION/FORCE TRANSMISSIBILITY
Each phase of the 3rRPS MPM is a parallel mechanism and there is an optimal design for it based on selected design criteria. To have an optimal design of the metamorphic parallel mechanism to cover all working phases with different motion types is a challenge task. However, since all phases share the same physical structure and actuation parameters, there is a rule to design parameters in an optimal way. In this section, the four phases (θ 1 = θ 2 = θ 3 =0 with1T2R motion and θ 1 = θ 2 = θ 3 = π/6, π/3, and π/2 with 3R motion) will be investigated in the optimal design aims at giving the best combined performance.
Design Variables and Performance Indices
The key parameters of the 3rRPS MPM in the optimization are the base and platform sizes (r b and r a ), rR joint base location angle ϕ and the limb length range (l min ≤ l i ≤ l max ). Considering practical mechanical limb strokes, it is commonly l max =1.8l min which means the stroke of the limb can be eighty percent of its minimum length. Then l min will be taken as one of the key parameters in the design and the rR joint base location angle is set at ϕ=π/2−ArcSin( 3 /3) for the design that the normal vectors of the three rR joints are perpendicular to each other. To have a relative relation, the length parameters are normalized by the base size r b as λ a = r a /r b , λ lmin = l min /r b . Thus, λ a represents the ratio between the platform and base sizes and λ lmin shows the ratio of the minimum limb length over the base size. Mechanical constraints including maximum passive joint angles and limb interference should also be considered in the calculation. In the following, passive joint angles are limited in the range as -ψ max ≤ψ i ≤ψ max , where ψ i denotes rotation angle from its home position of any revolute joint, and spherical joint along three orthogonal directions one of which is along the limb at the home position. ψ max is given π/3 in this paper. The minimum distance between any two limbs is limited to be 0.01 to avoid limb interference.
Optimal design of the 3rRPS MPM in this paper is to find the best parameter set to have maximum singularity-free workspace with good kinematics performance represented by the motion/force transmissibility. Thus, the optimal design objective function is given as:
Subject to: -π/3 ≤ψ i ≤ π/3, 0.2 ≤ λ a ≤1.2, 0.5 ≤ λ lmin ≤1.6, distance between two limbs ≥0.01. where V is the maximum singularity-free workspace volume, k is the average motion/force transmissibility in the workspace V and is represented locally by the minimum of the OTI and the CTI. k will be between 0 and 1. The best kinematics performance corresponds to the value 1 which gives the best transmissibility.
Optimal Design
Based on the optimal design objective function in (18) , the combined effect of the key parameters on the maximum singularity-free workspace and transmission performance has been calculated and the results are illustrated in Fig. 4 for the four phases. In general, a larger singularity-free workspace corresponds to a worse average transmission performance. In Fig.4(a) , a smaller platform size (λ a ) gives a larger singularityfree workspace (blue surface) for the 1T2R motion but the transmission performance decreases when increasing λ a . In general, both workspace and transmissibility increase when getting longer limbs (λ lmin ). This can be understood based on the singularity loci in Fig. 3(a) which shows that the increase of the limb length (λ lmin ) will directly increase the singularity-free workspace along the p z direction and there will be more space far from the singularities inside the vertical tetrahedron giving
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Copyright © 2016 by ASME better transmissibility. For the other three phases with 3R motion, it is similar that there is a larger workspace with a smaller platform size (λ a ) but either too large or too small minimum limb length (λ lmin ) will give small workspace and there is an optimal point to have the peak workspace volume on the green workspace surfaces as in Fig. 4(b)-(d) . It can be also seen that there is an area with zero workspace volume and the area becomes larger when θ 1 = θ 2 = θ 3 increases from π/6, to π/3, and to π/2. This is also reflected by the transmission performance represented by the blue surfaces with zero-value areas. To compare those three cases, the three workspace surfaces are illustrated together in Fig. 4 (e) and the transmission performance is in Fig. 4(f) . The workspace surfaces intersect at one point around λ lmin =1.2 and λ a =0.2. In general, when λ lmin <1.2, small rR joint angles give larger workspace volume as shown by the order π/6 (green surface), π/3 (blue), and π/2 (red). This is opposite for λ lmin >1.2 and it means that a longer leg length is needed when increasing the rR joint angles to have a large workspace volume. Generally the transmission performance is close to each other for the three cases as in Fig. 4 (f) and the average is very close to 0.9. In detailed comparison, larger rR joint angles can give better performance. They all decrease when λ lmin increases or λ a decreases which is opposite to the workspace results. 
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An Optimal Design Example
In specific applications, a larger singularity-free workspace has more priority. So based on the above analysis, a smaller platform size is preferred, for example λ a =0.4. Then the minimum limb length should be selected properly to have the best workspace and transmission performance considering the 1T2R and 3R phases. This is shown in Fig. 5 in which singularity-free workspace (solid curves) and transmission performance (dashed curves) of θ 1 = θ 2 = θ 3 =0 with1T2R motion and θ 1 = θ 2 = θ 3 = π/6, π/3, and π/2 with 3R motion are illustrated. It can be seen that the 1T2R phase has the largest workspace volume and worst transmissibility among the four cases while the three 3R phases have similar performance. Workspace volume of the 1T2R phase increases continuously to reach the peak point at λ lmin =1.5 and starts to drop but its transmissibility increases when λ lmin increases. However, when λ lmin <0.8 the 3R phases have zero workspace and when λ lmin >1.5 the workspace is very small. To cover all the four phases, the best minimum limb length is around λ lmin =1.3. If only the 1T2R and one of the 3R phases are considered, for example θ i = π/2 (purple), λ lmin =1.25 (vertical dashed black line) gives the best combination of the performance. A more accurate way is to give weight to the workspace volume and transmissibility and also to each phase to calculate the final performance in a quantitative way as in [11] . 
CONCLUSIONS
This paper presented the reconfiguration of a 3-rRPS metamorphic parallel mechanism between 1T2R motion and pure rotation (3R) motion. The reconfiguration was based on a reconfigurable revolute (rR) joint which enabled the 3-rRPS MPM to have four different 1T2R phases and infinite number of 3R phases. Screw based overall Jacobian and motion/force transmissibility gave the same form for both motion types due to the unified limb structure and joint connection. Maximum singularity-free workspace and motion/force transmissibility based optimal design provided various effects of the key parameters including the platform size and the minimum limb length. Generally a larger workspace corresponded to a lower transmission performance and this trade-off gave the optimal design result considering detailed design cases.
